Characteristics of modular coils for quasi-axisymmetric stellarators that are related to the plasma aspect ratio, number of field periods and rotational transform have been examined systematically. It is observed that, for a given plasma aspect ratio, the coil complexity tends to increase with the increased number of field periods. For a given number of field periods, the toroidal excursion of coil winding is reduced as the plasma aspect ratio is increased. It is also clear that the larger the coil-plasma separation is, the more complex the coils become. It is further demonstrated that it is possible to use other types of coils to complement modular coils to improve both the physics and the modular coil characteristics.
Introduction
Coil systems for stellarators must provide both poloidal and toroidal fields to produce rotational transform and to shape plasmas; consequently they are inherently more complex than the planar coils in tokamaks. For quasi-symmetric stellarators, magnetic field strengths follow certain twodimensional symmetry, B(s, θ, φ) = B(s, θ−γφ), but the geometric shape of the plasma may be entirely three-dimensional. Here, s is a radial coordinate labeling the flux surface, θ and φ are poloidal and toroidal angles, respectively, and γ is a constant. In such quasi-symmetric stellarators, particle drift orbits align (almost) with flux surfaces, if they exist, so that particle trajectories are well confined [1] . Quasi-symmetric stellarators are able to provide toroidally confined plasmas stable to the magnetohydrodynamic (MHD) disturbances and free of disruptions. They have been considered as potential candidates for fusion power plants [2] . In general, coils for such stellarators do not possess symmetry properties other than the stellarator symmetry, X(θ,φ)=X(−θ,−φ).
A variety of coil topologies are generally available in quasi-symmetric stellarators for a given plasma configuration. In particular, modular coils which combine toroidal and poloidal field coils into one system are considered to be the most practical solution to the coil problem in quasi-symmetric stellarators. They have been chosen in the design for quasi-axisymmetric stellarators NCSX [3] and ARIES-CS [4] , quasi-helically symmetric stellarator HSX [5] , quasipoloidally symmetric stellarator QPS [6] , and quasi-omnigeneous stellarators W7X [7] and HSR [8] . The geometry for these coils is a complicated function of the shape of the plasma and the location of the coils. Simplified design guidelines or analytic approaches using algebraic or trigonometric functions have not been found.
In tokamaks the planar toroidal and poloidal field coils may generally be placed at arbitrary distances away from the plasma. In stellarators the placement of coils must be carefully chosen since the complexity of the coil winding increases with the increased distance from the plasma. In stellarators the boundary shape of the plasma determines most of the physics properties. Typically 20-30 geometric variables may be used to define the boundary shape once the plasma aspect ratio, rotational transform and number of field periods are chosen. Different combinations of variables will modify not only the properties of the plasma but also the topology of the coils. It is not at all clear how one would take coil considerations in the process of designing a plasma configuration.
In our exploration of plasma configurations for quasi-symmetric stellarators, we often observed that, for a particular equilibrium of interest, there exist many neighboring equilibria that possess similar physics properties and have similar geometric shapes. Taking advantage of this observation, in reference [9] , we have made a systematic study for quasi-axisymmetric (QAS) configurations --configurations whose magnetic field strengths are essentially invariant in the toroidal direction on a given flux surface --in three field periods with different levels of rotational transform and plasma aspect ratios. We showed that modular coils for configurations with larger aspect ratios tend to have lesser toroidal excursion and that it is possible to use a single set of trim coils along with planar toroidal field coils to produce MHD stable plasmas of different levels of rotational transform by varying currents in these trim coils. This report summarizes our recent efforts to extend that study to a larger set of parameters, including the number of field periods, plasma aspect ratio, rotational transform and distance separating the coil winding surface from the plasma boundary surface, again for QAS, emphasizing the qualitative relationships between these parameters and the characteristics of the modular coils. By establishing the relationships we hope to better deal with the complexity issue in the coil design for quasi-symmetric stellarators.
In section 2 we discuss plasma configurations of different aspect ratios in 2, 3 and 4 field periods. These configurations were developed as the basis for comparison of coils. In section 3 we compare characteristics of modular coils for these plasma configurations. We first hold the rotational transform per field period and the aspect ratio per field period fixed to study the effect of the number of field periods. We then compare configurations with a given aspect ratio with fixed rotational transform per field period. And, lastly, we compare coil characteristics for different aspect ratios with a given level of rotational transform and number of field periods.
Although modular coils are the most practical choice for quasi-symmetric stellarators, there may be situations where using other types of coils to complement modular coils is advantageous. In reference [9] we showed that it is possible to design many different plasma configurations by using a fixed set of windowpane coils together with planar toroidal field coils. For a given plasma configuration, it is possible to use windowpane or other types of coils to simplify modular coils as well. In section 4 we illustrate some of the possibilities for using mixed coil types in the design of QAS. Section 5 gives the summary and conclusions.
Plasma configurations for 2, 3 and 4 field periods
To enable comparisons of both plasmas and coils on the same basis, we first developed configurations of 2, 3 and 4 field periods with similar characteristics, including the aspect ratio per field period, rotational transform per field period, plasma beta (β=2μ<p/B 2 >), stability properties to the MHD perturbations and the degree of quasi-symmetry. To the extent possible, we have selected Fourier harmonics describing the boundary shape of the underlying equilibrium as close as we could, subject to the aforementioned constraints. We then extended the landscape to other plasma aspect ratios. In reference [9] we have discussed the physics significance of deploying different levels of rotational transform in axi-symmetric plasmas using a sequence of three field period configurations as illustrations. Here we select two rotational transform levels for the discussion of coil characteristics. These will be discussed below.
For the base configurations, the plasma aspect ratio, A p =R p /a p , was chosen to be two for each field period. Here R p and a p are the average plasma major radius and minor radius, respectively. Two levels of rotational transform supplied by the external coils were chosen: ι~0.1 and 0.15 per field period. These configurations were designed to be stable to the external kink modes and the Mercier modes at β=4% as indicated by the analysis using the linear ideal MHD stability code TERPSICHORE [10] . These configurations all have a magnetic well in excess of 2% in the absence of the plasma pressure. Equilibrium solutions were obtained from VMEC [11] with the prescribed boundary Fourier coefficients. For ι ~ 0.1 per field period, the configurations were chosen to have a large elongation with the toroidally averaged value of about 1.9. They are essentially stable to the ballooning modes as well because of the large elongation. The cases for ι ~ 0.15 per field period were designed to have a larger triangularity but smaller elongation. The effective helical ripples used to judge the quality of quasi-axisymmetry, as calculated by the NEO code [12] , are all less than ~1% in the bulk of the plasma volume though not necessarily near the edge. Configurations in three-field periods (N p =3) with A p /N p =2 were derived first to serve as the reference. Fourier coefficients that describe the plasma boundary, as well as the plasma current, were then adjusted accordingly to obtain configurations in two and four field periods and at other plasma aspect ratios. Plasma cross sections derived in this way in 2, 3 and 4 field periods with A p =2 per field period are shown in figures 1 and 2 for ι~0.1 and 0.15, respectively. The rotational transform we refer to hereafter will be understood as that due to the plasma shaping given in one field period.
We describe plasma boundaries using the Garabedian representation [13] Here, R and Z are the radial and axial components of cylindrical coordinates, m and n are the poloidal and toroidal mode numbers, and u and v are the normalized poloidal and toroidal anglelike variables, 0≤ u< 1 and 0≤ v< 1 (2πu=θ, 2πv/N p =φ, θ and φ being the poloidal and toroidal angles, respectively). In this notation, the coefficient Δ 0,0 is a measure of the plasma minor radius and Δ 1,0 the major radius. The helical excursion, elongation and triangularity in the plasma shaping may be described by the m=1, 2 and 3 terms, respectively. The major Fourier terms with Δ m,n /Δ 0,0 > 1% are given in tables 1 and 2 for the configurations shown in figures 1 and 2. The terms with large magnitudes, which control mostly the elongation and triangularity, are similar by design in each of the tables, e.g. Δ 2,0 , Δ 2,1 , Δ 3,0 , although the terms Δ -1,0 , and Δ -1,-1 that modify the indentation have somewhat larger differences.
In particular, in the two field-period configurations the stability constraint for the kink modes requires more plasma shaping because the overall smaller rotational transform leads to larger amounts of bootstrap current that drive the instability. In these two field-period configurations the increased shaping also comes from other triangular and square terms in addition to Δ -1,-1 , leading to a more rectangular-like cross section at the beginning of a field period for the ι~0,1 case and a more pointed cross section at the halfperiod for the ι~0.15 case.
Having obtained the base set of configurations, we then further expand the space by increasing and decreasing aspect ratios for both levels of rotational transform. For two field periods it covers from 3 to 6, for three field periods from 4 to 8, and for four periods from 6 to 12.
In figures 3 and 4 are configurations of three field periods with aspect ratios 4, 6 and 8 for ι ~0.1 and ι ~0.15, respectively.
We must emphasize that these are not the only possible configurations, nor are they all that satisfactory in every respect. Our use of the three-field period configuration as the reference point for developing configurations of other field periods and aspect ratios constrains the landscape that can be searched. The configurations discussed in this report were designed to be only sufficient for the purpose of understanding the relations between coil and plasma characteristics.
Characteristics of modular coils for the 2-, 3-and 4-field period plasma configurations
To compare characteristics of coils, it is reasonable to require that all configurations have the same fusion power, temperature and density profiles, magnetic field strength, plasma beta and distance separating the plasma from the winding surface of the coils, including the space needed for tritium breeding blanket and coil protection shielding. The coils are assumed to be wound on a continuous toroidal surface which is conformal in shape to the plasma boundary but displaced uniformly from the plasma by a fixed distance.
Coils necessary to support a plasma configuration of known boundary shape may be derived by minimizing the normal component of the magnetic fields on the plasma surface from currents both in the plasma and on the winding surface. The current densities on the winding surface, J, may be represented by a scalar current potential, κ, κ ∇ × = n Jˆ (2) Here, is a unit vector normal to the coil winding surface. The procedure of minimizing the normal magnetic fields on the plasma surface for solving the current potential κ has been implemented in the code NESCOIL [14] which is frequently used in the design of stellarator coils. All the coils in the following discussions have been derived from the solutions of this code. The current potential is written as a double Fourier series in poloidal and toroidal angles. The number of Fourier modes for the current potential has been chosen such that both the residue average errors and maximum errors are similar for all the cases studied when the normal magnetic fields on the plasma surface are minimized. Typically, the maximum error was made to be less than 5% of the local field strength and the average error less than 1%. These errors may be further reduced by using more modes in the current potential but the general picture useful for our discussion does not change. Modular coils were derived by dividing the current potential equally with three distinct contours for each field period.
n
The complexity of coils depends on the harmonic content of the current potential on the winding surface from which the coils are derived [15] . For a given harmonic the magnetic field decays approximately as (1+Δ/a p ) γ with Δ being the separation between coils and plasma and γ a function of the order of the magnetic field harmonic. If stronger high order fields are needed when minimizing the normal magnetic field on the plasma surface, the structure of current potential is expected to become more complex. For a fixed fusion power, which means a fixed plasma volume with our assumed conditions, Δ/a p is proportional Δ·A p 1/3 , or equivalently, for a given aspect ratio per field period, Δ/a p ~ Δ·N p 1/3 . So, everything being equal, the coil characteristic is expected to be more complex for a larger number of field periods at fixed plasma volume. The precise definition of coil complexity depends on many factors, however. The radius of curvature in the coil winding may be too small for a small device, but it may no longer be an issue in a large system such as in a power producing reactor. In general, the ease of assembly and disassembly of machine components and the ease of access to the interior of the coil boundary are the desirable features. Coils with lesser toroidal excursion in the winding, larger radius of curvature and smaller current density at a given field strength should be helpful. Instead of focusing on specific coil design requirements, we shall examine coil characteristics only qualitatively and draw general conclusions.
Coil configurations for same aspect ratio and rotational transform per field period
In figure 5 we compare coils for plasmas with ι~0.1 and Δ=1.4 m when the plasma volume V p is normalized to 1000 m 3 . In figure 6 we compare coils for the same case but with Δ=2.1 m. These two separations cover the range of radial build considered in most fusion power plant designs. In figure 7 the coil geometries are shown for ι~0.15 with Δ=1.4 m (V p =1000 m 3 ). In these figures and figures in the following sections, both coil contours on the winding surface in a coordinate system defined by the normalized toroidal and poloidal angles and the top view of the coils in Cartesian coordinates are displayed.
The contours in figures 5 to 7 indicate that, for fixed A p /N p and Δ, the coil characteristics look similar. For configurations having larger numbers of field periods the poloidal spectrum in the current potential is generally richer due to the N p 1/3 dependence discussed above, but in coil winding the minimum radius of curvature tends to be larger because of the larger major radius at fixed plasma volume. A smaller fusion power plant requires a smaller coil aspect ratio, A c ≡R p /Δ. If A p /N p is fixed, A c scales as N p 2/3 so that smaller plants favor smaller numbers of field periods. The total rotational transform is proportional to the number of field periods for a given rotational transform per field period so that larger numbers of field periods may be more favorable from the standpoint of particle confinement. As mentioned before, coils with larger Δ will be more complex because higher order harmonics in the current potential have stronger presence due to the faster decay of the high order fields they produce, but a larger Δ leads to a smaller A c so that fusion power plants may be made more compact, hence cheaper in terms of the cost of electricity. The best configuration will ultimately be determined by the systems analysis when all the requirements are defined.
Coil configurations for same rotational transform per field period and same overall aspect
ratio Given the same fusion power, the same temperature and density profiles, the same magnetic field and plasma beta, the size of a device is determined by the overall aspect ratio, irrespective of the number of field periods that a particular device may have. In figure 8 we compare coil characteristics for configurations with an overall aspect ratio 4 that have the same rotational transform ι~0.1 and the same blanket and shield thickness, Δ~1.4 m (V p =1000 m 3 ), in 2 and 3 field periods. In figure 9 we compare coil characteristics for the same configurations but with a larger coil to plasma separation, Δ~2.1 m (V p =1000 m 3 ). In figure 10 coil characteristics are compared for the 3 and 4 field period configurations with an overall plasma aspect ratio 8 and with ι~0.1 and Δ~2.1 m (V p =1000 m 3 ). In figure 11 , coil characteristics are compared for configurations with a plasma aspect ratio 6 and with ι~0.15 and Δ~1.4 m (V p =1000 m 3 ) in 3 and 4 field periods.
In general, configurations having the same plasma aspect ratio but more field periods tend to render coils with more pronounced toroidal excursion. The surface current densities tend to be higher and the minimum radius of curvature smaller. For a given plasma aspect ratio, the aspect ratio per field period becomes smaller with more field periods, resulting in the increased toroidal mode coupling. Magnetic fields due to coils at a given toroidal location on the plasma surface have similarly stronger coupling from neighboring coils. Therefore, for configurations of the same major radius and coil-to-plasma separation, the consideration of coil complexity favors a smaller number of field periods. For the rotational transform, however, it may be more advantageous to have more field periods since the coil complexity tends to increase as the rotational transform per field period is increased. show coil characteristics for the two field period configurations, also with ι~0.15 and Δ~1.4 m, in aspect ratios 3, 4 and 6. It is clearly seen from these configurations, which cover a wide range of aspect ratios, rotational transform and numbers of field periods, that the larger the separation between the plasma and coil is, the more complex the coils become, but for a given plasma to coil separation, the larger the aspect ratio is, the lesser excursion toroidally the coils will have. The content of poloidal harmonics in the current potential among configurations of different aspect ratios appears to be similar. The smaller toroidal excursion in coils for larger aspect ratio configurations is due to the relatively smaller poloidal fields in larger aspect ratio configurations at a given plasma beta. The smaller toroidal excursion in the coil winding makes the tasks for machine assembly and maintenance less complex.
Coil configurations
for same rotational transform per field period and same number of field periods For the same overall rotational transform, fusion power, blanket and shielding thickness, configurations with smaller plasma aspect ratios will be smaller with the size scaling V p~Ap 2 . Correspondingly, the cost of electricity of such fusion power plants will be smaller. We illustrate in figures 12 and 13, for the two plasma-coil separations, coil characteristics for the 4 field-period configurations with ι~0.1 in three different plasma aspect ratios, 6, 8 and 12. In figure 14, coil characteristics are compared for the three field-period configurations with ι~0.1 and Δ~2.1 m for V p =1000 m
Use of mixed types of coils
Modular coils have been chosen in the design of modern transport-optimized stellarators for practical reasons, but in many circumstances the use of only modular coils makes it difficult to meet some physics or engineering objectives. In such situations, use of other types of coils as a complimentary system may be more practical and economical. One example is that, in NCSX, the radial profile of the bootstrap current at high beta may produce shear reversal near the edge of the plasma because the pressure gradient is reduced there and the shear from plasma shaping is not strong enough to compensate for the reduced current density. The shear reversal is not desirable if there are resonances nearby, making the plasma prone to breakup into stochastic and island regions. A high order perturbed field may be introduced to remove the shear reversal, but other properties, such as quasi-axisymmetry, are compromised when the shear, 1/ι·dι/ds, outside the reversal region becomes less than -0.15. Even if high order fields can be introduced, designing coils using a single modular system may require high order harmonics and good precision.
In figure 17 , we show the last closed magnetic surface for both the reference equilibrium of NCSX and a perturbed equilibrium whose total magnetic shear is monotonically increasing. The rotational transform is given in figure 18 in which the transform due to the plasma shaping as well as the total transform including the internal contribution from bootstrap currents at 4% beta are shown using the reference pressure profile of the NCSX design [3] . It is seen that a small perturbation is able to remove the shear reversal in this case. If one attempts to construct modular coils for the perturbed configuration, however, one finds that the coils become much more complex. This is shown, as an example, in figure 19 where the winding surfaces are given and in figure 20 where contours of coil winding for both unperturbed and perturbed cases are shown. In this example the winding surface is conformal to the boundary of the reference plasma but is uniformly displaced by a distance Δ~0.16R p (or ~1.5 m for V p =1000 m 3 ). The current potentials were solved using the NESCOIL code with six toroidal and six poloidal modes. The resulting residue errors in the normal magnetic fields on the plasma boundary surface are ~0.7% on average and ~5% at the maximum location. The coil windings show high order twists and turns and clearly much more so in the perturbed configuration.
Instead, we now introduce a set of dipole coils arranged as sixteen by sixteen arrays of square loops in a plane defined by the normalized toroidal and poloidal angles on a conformal surface at a distance half way between the last closed magnetic surface of the plasma and the winding surface for the modular coils. The currents in these dipoles can be optimized such that not only the shear reversal is removed but the modular coils can also be made simpler. This is shown in figure 21 , where we show the contours of the modular coils constructed using three toroidal modes and three poloidal modes. The current densities in the dipole loops are also shown in figure 21. The peak current density occurs toroidally at an angle which is about 120 degrees (of one field period) from the crescent shaped cross section and poloidally near the top (largest height) of the cross section at this 120 degree toroidal angle. The current in the loops at the location of the peaked density is about 10% of the poloidal current carried by the modular coils. A comparison is given in figure 22 for the rotational transform based on the equilibrium using these coils and that from the perturbed plasma boundary shown in figure 18 . The two methods yield nearly identical profiles for the rotational transform, both monotonically increasing. The modular coils with the dipole loops are much less complex compared to those in figure 19 . We note, however, that the current densities in the dipole coils display a steep gradient with localized peaking in a narrow band. Further optimization to regularize the current distribution may be necessary to reduce the potentially large local magnetic forces.
To further illustrate the potential use of mixed coil types to reduce the complexity of modular coils, we now use the three-field period, aspect ratio 4 configuration discussed in section 2 as an example. The modular coils designed on a winding surface whose separation from the last closed magnetic surface of the plasma is ~ 1.5 m at the inboard mid-plane and ~3.0 m at the outboard mid-plane when V p =1000 m 3 will not be convenient for assembly in either full or half field periods because of the large toroidal excursion of the winding, as shown in figures 23 and 24. The toroidal excursion of the winding may be reduced in several different ways: (1) using the strategically placed trim coils to complement the modular coils, shown in figure 25, where the trim coils are mounted on a surface outside the modular coils with a distance from the plasma further displaced by ~0.5 m (V p =1000 m 3 ); (2) strategically straightening the modular coil winding but supplemented them with trim coils, shown in figure 26 , where the trim coils are placed closer to the plasma at a distance about 0.5 m from the last closed plasma surface (V p =1000 m 3 ) to reduce coil currents; (3) using wavy poloidal field coils together with modular coils, shown in figure 27, where the poloidal coils are on a surface ~0.5 m outside the modular coils (V p =1000 m 3 ); and (4) using saddle coils along with modular coils, shown in figure 28, again on a surface about ~0.5 m outside the winding surface for the modular coils (V p =1000 m 3 ). In any one of these cases, the interference due to the toroidal extension of the coil winding is removed to enable either a full-or half-period assembly. We note, however, that the purpose here is to show that topologically it is possible to simplify modular coils when combined with other type of coils. The additional coils inevitably will introduce other issues, such as those associated with coil leads and supports. The currents in the supplemental coils are of the same order of magnitude as those in the modular coils except when these coils are placed closer to the plasma as in case (2) where the currents in the trim coils are about one tenth of those in the modular coils.
Ultimately, the best solution to mitigate the overall coil complexity will rest on the design optimization with all aspects of manufacturing and installation taken into consideration.
Summary and Conclusions
A systematic study has been made to examine variations in the characteristics of modular coils that are related to the rotational transform, plasma aspect ratio, number of field periods and distance separating coils from the plasma, for quasi-axisymmetric stellarators. Plasma configurations having similar MHD stability and symmetry properties in two, three and four field periods were first developed with different levels of rotational transform. Modular coils were then constructed on the winding surfaces which were conformal to the plasma surface but displaced uniformly in all poloidal and toroidal angles by a fixed distance. The current potential on the winding surface was solved such that the normal magnetic fields on the plasma surface were minimized with the number of poloidal and toroidal modes in the current potential chosen to yield similar residual errors for different cases. Coils of equal currents were derived from the current potential with three coils per half-period. Comparisons of coil characteristics were made on the basis of the same plasma volume, plasma beta, magnetic fields and rotational transform per field period. It was observed that, given the same plasma aspect ratio per field period at the same coilplasma separation, coil characteristics are similar, particularly with respect to the toroidal winding excursion. It was also observed that, given the same plasma aspect ratio, coil complexities tend to increase with the increased numbers of field periods for a fixed coil-plasma separation. For a given number of field periods, the toroidal excursion of coil winding is reduced as the plasma aspect ratio is increased. It is also clear that the larger the coil-plasma separation is the more complex the coils become.
In addition, the use of mixed types of coils was also examined. Combining modular and windowpane coils not only could reduce the complexity of modular coils but also may be used to improve plasma characteristics at the same time. This was demonstrated in an example for NCSX where the windowpane coils were used to modify the rotational transform to avoid the shear reversal. Strategically placed dipole coils can also be deployed to relieve the interference among modular coils during machine assembly and maintenance due to the protruding toroidal wings in the coil winding. Finally, we showed that the same objective could be attained by a combination of modular and saddle coils as well as modular and wavy poloidal field coils.
Quasi-symmetric stellarators have the potential to be able to maintain steady-state, disruption-free, MHD stable plasmas at high β. The complexity of coils, however, is generally perceived as compromising the potential. The coil complexity issue cannot be addressed easily without taking into account the many design and cost factors. Systems studies will ultimately be required to find the optimal solution once the basic plasma parameters are chosen. Our study reported here illustrates the richness of the configuration space, for both plasmas and coils, so that there will be flexibility and freedom to optimize a design for it to meet both the physics and engineering objectives. 
